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University.1. Introduction
Bioﬁlms play a very important role in many scientiﬁc and
technological areas. Consequently, they are studied in many
disciplines. Bioﬁlm research is a truly interdisciplinary research
topic. A bioﬁlm is a well-organized, cooperating community of
microorganisms attached to an environmental surface [1–3].
These surfaces include biological tissues, water surfaces and
solid substrates which can be located in marine or freshwater
environments. These ﬁlm-forming microorganisms secrete
extracellular polymers which anchor the cells to each other
as well as to the surfaces on which the ﬁlm is formed. Once
anchored to a surface, bioﬁlm microorganisms carry out avariety of detrimental or beneﬁcial reactions, depending on
the surrounding conditions [4–6].
Bioﬁlms can be used for treating wastewater [7], creating
barriers to protect soil and groundwater from contamination
or the bioremediation of hazardous waste sites. For wastewa-
ter treatment, bioﬁlms can be grown on ﬁlters to be used in the
treatment process. Although bioﬁlms are beneﬁcial in waste
water management [8], the study demonstrates that the bioﬁlm
structure is highly stratiﬁed and characterized by an increase of
bioﬁlm density, a decrease of metabolically active biomass and
a decrease of porosity with bioﬁlm depth. Both the effective
diffusivity for dissolved oxygen, the effectiveness factor
decrease with bioﬁlm depth [9]. Difﬁculties for the treatment
of these types of wastewaters are mostly related to the high
organic strength, the toxic compound load, or extreme envi-
ronmental conditions encountered (e.g., pH, temperature and
salinity, which are no longer diluted with domestic wastewater)
[10]. The toxic compounds are present in the waste water and
Nomenclature
Symbols
Ds diffusion coefﬁcient of substrate in bioﬁlms
(L2T1)
DI diffusion coefﬁcient of inhibitor in bioﬁlm (L
2T1)
DP diffusion coefﬁcient of product in bioﬁlm (L
2T1)
I inhibitor concentration in bioﬁlm (ML3)
I* normalized inhibitor concentration in bioﬁlm
(dimensionless)
Ib inhibitor concentration in bulk liquid (ML
3)
KS half saturation constant (ML
3)
Ki inhibition constant (ML
3)
KC product substrate ratio at which reaction rate is
half maximum value when Substrate limitation is
neglected (KP/KS) (dimensionless)
L bioﬁlm thickness (L)
rvf volumetric reaction rate in bioﬁlms ðML2T1Þ
S substrate concentration in bioﬁlms (ML3)
Sb substrate concentration in bulk liquid (ML
3)
S* normalized substrate concentration in bioﬁlm
(dimensionless)
P product concentration in bioﬁlm (ML3)
Pb product concentration in bulk liquid (ML
3)
P* normalized product concentration in bioﬁlm
(dimensionless)
x bioﬁlm depth (L)
X biomass concentration (ML3)
x* normalized bioﬁlm depth (dimensionless)
YP stoichiometric ratio of conversion of substrate to
product (dimensionless)
Greek symbols
a substrate utilization kinetics (dimensionless)
b magnitude of substrate inhibition (dimensionless)
c secondary substrate utilization kinetics (dimen-
sionless)
u2S Thiele moduli of substrate concentration (dimen-
sionless)
u2I Thiele moduli of inhibitor concentration (dimen-
sionless)
u2P Thiele moduli of product concentration (dimen-
sionless)
g effectiveness factor (dimensionless)
918 V. Meena et al.the effect of their toxicity on the microorganisms would be
reduced within the bioﬁlm. Various inhibition mathematical
models are used to describe the effect of toxicants on microor-
ganisms [11]. The efﬁcacy of a bioﬁlm as compared to sus-
pended growth systems is quantiﬁed using effectiveness
factor. The effectiveness factor is deﬁned as the ratio of the
average reaction rate inside the bioﬁlm to the reaction rate that
would exist if the concentration in the ﬁlm was equal to that in
the surrounding water [12].
Bioﬁlms are complex microbial ecosystems in which several
physical, chemical and biological processes take place simulta-
neously. In order to evaluate such systems, mathematical mod-
els could be very helpful [13,14]. Miller et al. [15] present a
mathematical model of mushroom-like architecture and cavity
formation in Pseudomonas aeruginosa bioﬁlms. A detailed
study was conducted about the experimental studies and math-
ematical modeling of an up-ﬂow bioﬁlms reactor treating mus-
tard oil rich wastewater [16]. Masic et al. [17] determine the
oxygen proﬁle in a bioﬁlm on suspended carriers in two ways:
ﬁrstly by microelectrode measurements and secondly by a sim-
ple mathematical model. Recently Rao et al. [18] developed
mathematical and kinetic modeling of bioﬁlm reactor based
on ant colony optimization.Mannia et al. [19] describe themod-
eling and dynamic simulation of hybrid moving bed bioﬁlm
reactors. Wang and Zhang [20] brieﬂy review the progress made
in the mathematical modeling of bioﬁlms. Themodels described
in this review article have already been used to explain many
complicated phenomena in the bioﬁlm’s dynamics.
Many important physical phenomena on the engineering
and science ﬁelds are frequently modeled by nonlinear
differential equations. Such equations are often difﬁcult or
impossible to solve analytically. Nevertheless, analytical
approximate methods to obtain approximate solutions havegained importance in recent years [21]. There are several meth-
ods employed to ﬁnd approximate solutions to nonlinear prob-
lems like Homotopy perturbation method (HPM) [22,23],
Homotopy analysis method (HAM) [24,25], Adomian decom-
position method (ADM) [26,27] and Picard’s iterative method
[28,29], etc.; Gheewala and Annachhatre [12] developed a
mathematical model for effectiveness factors in bioﬁlms and
used the model to the various types of inhibition in bioﬁlms.
The purpose of this paper is to derive the analytical expres-
sions of concentration of substrate, secondary substrate, prod-
uct and effectiveness factor in bioﬁlms by solving the nonlinear
differential equations using the new approach to Homotopy
perturbation method [30].
2. Mathematical formulation of the boundary value problem
Fig. 1 represents the schematic diagram of an ideal homoge-
neous bioﬁlm with a typical substrate concentration proﬁle
[14]. A planar bioﬁlm was considered with uniform density
and diffusivity throughout the bioﬁlm. The mass balance equa-
tion in bioﬁlms using Fick’s law is as follows [12]:
D
d2S
dx2
¼ rvf: ð1Þ
where S [ML3] is the substrate concentration, D [L2 T1] is
the diffusion coefﬁcient of the substrate in a bioﬁlm and rvf
[ML3 T1] is the volumetric reaction rate. The reaction rate
rvf is a nonlinear term and it depends upon the types of
inhibition in bioﬁlm. Here Monod type inhibition models for
inhibition due to (i) substrate (ii) secondary substrate (iii)
product have been analyzed to predict the response of
bioﬁlm.
Figure 1 A schematic of active bioﬁlm with an external diffusion
layer.
A new mathematical model for effectiveness factors in bioﬁlm 9193. Substrate inhibition model
The governing equation for substrate inhibition model is as
follows [12]:
DS
d2S
dx2
¼ kSXS
KS þ Sþ S2Ki
; ð2Þ
where DS [L
2T1] is the diffusion coefﬁcient of the substrate, S
[ML3] is the substrate concentration, X [ML3] is the biomass
concentration, Ki [ML
3] is the inhibition constant, KS [ML
3]
is the half saturation constant and x [L] is the bioﬁlm depth.
The boundary conditions are:
S ¼ Sb at x ¼ 0; ð3aÞ
dS
dx
¼ 0 at x ¼ L: ð3bÞ
where L [L] is the thickness of the bioﬁlm and Sb [ML
3] is the
bulk concentration of substrate. Eq. (2) and the boundary con-
ditions (3a) and (3b) can be normalized by employing the fol-
lowing dimensionless parameters:
X ¼ x=L; S ¼ S=Sb; a ¼ Sb=KS; b ¼ Sb=Ki;
u2S ¼ kSL2=DSKS: ð4Þ
Here S* represents the normalized concentration of substrate,
x* is the normalized bioﬁlm depth and u2S is the Thiele moduli.
a indicates the substrate utilization kinetics and b is the mag-
nitude of substrate inhibition. Now the nonlinear differential
Eq. (2) in the normalized form becomes as follows:
d2S
dx
2 ¼
u2s S

1þ aS þ abS2 ; ð5Þ
The boundary conditions become,
S ¼ 1 at x ¼ 0; ð6aÞ
dS
dx
¼ 0 at x ¼ 1; ð6bÞ
The dimensionless effectiveness factor is as follows:
g ¼ ð1þ aþ abÞ
u2s
dS
dx
 
x¼0
: ð7Þ3.1. Analytical expressions of concentration and effectiveness
factor for substrate inhibition model using the new Homotopy
perturbation method
The analytical solution of nonlinear equation is of great
importance due to its wide applications in scientiﬁc research.
The new approach to Homotopy perturbation method [30] is
used to obtain the approximate analytical solution of non-lin-
ear reaction/diffusion Eq. (5). Using this method, the approx-
imate solution of Eq. (5) is
SðxÞ ¼ coshmð1 x
Þ
coshm
; ð8Þ
where m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2S=ð1þ aþ ab
p
Þ:. Eq. (8) satisﬁes the bound-
ary conditions (6a) and (6b). Eq. (8) represents the new simple
and an approximate analytical expression for the dimensionless
substrate concentration S* for all values of parameters. Also
from Eq. (8), we obtain that lt
m!0
SðxÞ ¼ 1: The effectiveness
factor is given by
g ¼ tanhm
m
; ð9Þ
When m! 0; g ¼ 1.
4. Secondary substrate inhibition model
The governing non-linear equations for secondary substrate
inhibition model are [12]:
DS
d2S
dx2
¼ kSXS
KS þ Sþ SIKi
; ð10Þ
DI
d2I
dx2
¼ kIXI
KI þ I ; ð11Þ
where DI [L
2T1] is the diffusion coefﬁcient of inhibitor, I
[ML3] is the inhibitor concentration in bioﬁlms and KI
[ML3] is the inhibition constant. The boundary conditions
are:
S ¼ Sb; I ¼ Ib at x ¼ 0; ð12aÞ
dS
dx
¼ 0; dI
dx
¼ 0 at x ¼ L: ð12bÞ
Eqs. (10) and (11) and the boundary conditions (12a) and
(12b) can be normalized by employing the following dimen-
sionless parameters:
x ¼ x=L; S ¼S=Sb; I ¼ I=Ib; a¼Sb=KS; b¼ Ib=Ki; c¼ Ib=KI;
u2S¼ kSL2=DSKS; u2I ¼ kIL2=DIKI
:
ð13Þ
Here, I* is the normalized concentration of inhibitor and u2I is
the Thiele moduli. c indicates the secondary substrate utiliza-
tion kinetics. Now the nonlinear differential Eqs. (10) and
(11) in normalized form will be as follows:
d2S
dx
2 ¼
u2s S

1þ aS þ ab SI ; ð14Þ
d2I
dx
2 ¼
u2I I

1þ c I ; ð15Þ
The boundary conditions become,
Figure 2 Normalized concentration proﬁles of S* for substrate model for various values of the Thiele modulus u2S and the normalized
parameters are plotted using Eq. (5). The key to the graph: stacked line represents Eq. (5) and dotted line represents the numerical
simulation.
920 V. Meena et al.S ¼ 1; I ¼ 1 at x ¼ 0; ð16aÞ
dS
dx
¼ 0; dI

dx
¼ 0 at x ¼ 1; ð16bÞ
The dimensionless effectiveness factor is as follows:
g ¼ ð1þ aþ abÞ
u2s
dS
dx
 
x¼0
: ð17Þ4.1. Analytical expressions of concentration and effectiveness
factor for secondary substrate inhibition model using the new
approach to Homotopy perturbation method
Using new approach to Homotopy perturbation method [30],
the approximate solutions of Eqs. (14) and (15) are
SðxÞ ¼ coshmð1 x
Þ
coshm
; ð18Þ
IðxÞ ¼ cosh nð1 x
Þ
cosh n
; ð19Þwhere n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2I=ð1þ c
p
Þ. Eqs (18) and (19) represent the new
and an approximate analytical expressions for the dimension-
less concentration of substrate S* for all values of u2s ; a and b.
Also lt
m!0
SðxÞ ¼ 1; and lt
n!0
IðxÞ ¼ 1: The effectiveness
factor is given by
g ¼ tanhm
m
; ð20Þ
When m! 0, the effectiveness factor g= 1.
5. Product inhibition model
The governing equations for secondary substrate inhibition
model are [12]:
DS
d2S
dx2
¼ kSXS
KS þ Sþ PKC
; ð21Þ
DP
d2P
dx2
¼ YPkPXP
KS þ Sþ PPbKP
; ð22Þ
Figure 3 Normalized concentration proﬁles of S* for secondary substrate model for various values of the Thiele modulus u2S and the
normalized parameters are plotted using Eq. (14). The key to the graph: stacked line represents Eq. (14) and dotted line represents the
numerical simulation.
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2T1] is the diffusion coefﬁcient of the product, P
[ML3] is the product concentration in a bioﬁlms and YP is the
stoichiometric ratio of conversion of substrate to product.
KC( = KP/KS) is the product substrate ratio at which reaction
rate is half maximum when substrate limitation is neglected.
KP [ML
3] is the product inhibition constant. The boundary
conditions are:S ¼ Sb; dP
dx
¼ 0 at x ¼ 0; ð23aÞ
dS
dx
¼ 0; P ¼ Pb at x ¼ L: ð23bÞ
Eqs. (21) and (22) and the boundary conditions Eqs. (23a)
and (23b) can be normalized by employing the following nor-
malized parameters:
Figure 4 Normalized concentration proﬁles of I* for secondary substrate model for various values of the Thiele modulus u2S and the
normalized parameters are plotted using Eq. (15). The key to the graph: stacked line represents Eq. (15) and dotted line represents the
numerical simulation.
922 V. Meena et al.x ¼ x=L; a ¼ Sb=KS; b ¼ Pb=KP; P ¼ P=Sb;
Pb ¼ Pb=Sb u2S ¼ kSL2=DSKS;
u2P ¼ kPL2=DpKP:
ð24Þ
Here, P* represents the normalized product concentration
and u2P is the Thiele moduli. Now the nonlinear differential
Eqs. (21) and (22) reduce to the following dimensionless
form:d2S
dx
2 ¼
u2s S

1þ aS þ ab P ; ð25Þ
d2P
dx
2 ¼
YPKCu2PP

1þ aS þ ab P ; ð26Þ
The boundary conditions become,
S ¼ 1; dP

dx
¼ 0 at x ¼ 0; ð27aÞ
dS
dx
¼ 0; P ¼ Pb at x ¼ 1; ð27bÞ
Figure 5 Normalized concentration proﬁles of S* for product model for various values of the Thiele modulus u2S and the normalized
parameters are plotted usingEq. (25). The key to the graph: stacked line represents Eq. (25) and dotted line represents the numerical simulation.
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g ¼ ð1þ aþ abÞ
u2s
dS
dx
 
x¼0
: ð28Þ
5.1. Analytical expressions of concentration and effectiveness
factor for secondary substrate inhibition model using the new
approach to Homotopy perturbation method
Using new approach to Homotopy perturbation method, the
approximate solutions of Eqs. (25) and (26) areSðxÞ ¼ cosh lð1 x
Þ
cosh l
; ð29Þ
PðxÞ ¼ P

b cosh l1x

cosh l1
; ð30Þ
where l¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2S=ð1þaþab Pb
p
Þ and l1¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
YPKCu2P=ð1þaþab Pb
p
Þ.
Also lt
l!0
SðxÞ ¼ 1 and lt
l1!0
PðxÞ ¼ 1. Eqs. (29) and (30)
satisfy the boundary conditions (27a) and (27b). The effective-
ness factor response is given by
Figure 6 Normalized concentration proﬁles of P* for product model for various values of the Thiele modulus u2S and the normalized
parameters are plotted using Eq. (26). The key to the graph: stacked line represents Eq. (26) and dotted line represents the numerical
simulation.
924 V. Meena et al.g ¼ tanh l
l
; ð31Þ
when lﬁ 0, g= 1.
6. Numerical simulation
The non-linear differential Eqs. (5), (10), (11), (21) and (22)
have also been solved numerically using Scilab/Matlab
software. The numerical solutions are compared with thenew approach Homotopy perturbation method in Figs. 2–6.
Satisfactory agreement is noted between the analytical and
numerical results, when m 6 2.7. Discussion
The approximate simple analytical expressions of concentration
of substrate, secondary substrate and product are given in Eqs.
Figure 7 Diagrammatic representation of the normalized effective factor g vs. Thiele moduli, substrate utilization kinetics a and
magnitude of substrate inhibition b.
A new mathematical model for effectiveness factors in bioﬁlm 925(8), (18), (19), (29) and (30). The analytical results obtained in
this work are more powerful when the dimensionless parameter
m( 6 2) is small. The Thiele moduli u2s which measure the intra
bioﬁlm mass transfer resistance relative to the intrinsic reaction
rate increasing with bioﬁlm thickness. The Thiele moduli
describe the relative importance of diffusion and reaction in
bioﬁlm.When it is small, the kinetics is the dominant resistance.
In contrast, when the Thiele moduli are large, the diffusion lim-
itations are the principal determining factor.
The concentrations of substrate, secondary substrate and
product are plotted in Figs. 2(a)–(c), 3(a) and (b) and 5(a)–(c)
for various values of Thiele moduli u2S; substrate utilization
kinetics a and magnitude of substrate inhibition b. From these
ﬁgures, it is evident that the value of substrate concentration S*
gradually increases as the Thiele moduli u2S decrease, utilization
kinetics a and magnitude of substrate inhibition b increases.
From Figs. 2(d), 3(c), 4(c), 5(d) and 6(d), it is observed that the
concentration of substrate, inhibitor and product is uniform
when the value of mð¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2S=ð1þaþabÞ
p
Þ; nð¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2I=ð1þ c
p
ÞÞ;
lð¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2S=ð1þaþabPb
p
ÞÞ and l1ð¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
YPKCu2P=ð1þ aþ abPb
p
ÞÞ
tend to zero. Fig. 4(a)–(b) represent the inhibitor concentration
I* for various values of Thielemoduliu2I and secondary substrate
utilization kinetics c. From these ﬁgures, it is observed that the
value of inhibitor concentration I* increases as the Thiele moduli
u2I decreases and the secondary substrate utilization kinetics c
increases. From Fig. 6(a)–(c), it is inferred that the increasingvalue of Thiele moduli u2P decreases the concentration of
product P*.
The normalized effectiveness factor g versus the Thiele
moduli u2S for various values of parameters a and b for the
three models (substrate, secondary substrate and product
inhibitor models) are depicted in Fig. 7(a)–(f). The effective-
ness factor response increases when substrate utilization kinet-
ics a and magnitude of substrate inhibition b increases. Also,
the effectiveness factor response increases, as the Thiele moduli
u2S decreases. From Fig. 7(g), it is observed that when m 6 0.5
or u2S  0:25ð1þ aþ abÞ; the effectiveness factor g  1.8. Conclusion
In this paper the existence of steady-state of solutions of a
highly nonlinear reaction–diffusion systems arising in bioﬁlm
models have been studied. The theoretical model of bioﬁlms
Monod-type inhibition kinetics for the steady state condition
is discussed. The nonlinear differential equations for substrate,
secondary substrate and product inhibitor models have been
solved analytically using the new Homotopy perturbation
method. The inﬂuence of Thiele moduli and normalized
parameters are investigated. The obtained results have a good
agreement with those obtained, using numerical methods. The-
oretical results obtained in this paper can also be used to pre-
dict the response of bioﬁlms.
Inhibitor Concentrations of substrate S*(x*)/inhibitor I*(x*)/product P*(x*) Fig. Eﬀectiveness factors Fig.
Substrate SðxÞ ¼ coshmð1xÞcoshm where m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2
S
ð1þaþabÞ
q
Eq. (8) Fig. 2 g ¼ tanhmm Eq. (9) Fig. 7
Secondary substrate SðxÞ ¼ coshmð1xÞcoshm Eq. (18) Fig. 3 g ¼ tanhmm Eq. (20)
IðxÞ ¼ cosh nð1xÞcosh n where n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
u2
I
ð1þcÞ
q
Eq. (19) Fig. 4
Product SðxÞ ¼ cosh lð1xÞcosh l where l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2
S
ð1þaþabPbÞ
q
Eq. (29) Fig. 5 g ¼ tanh ll Eq. (31)
PðxÞ ¼ Pb cosh l1xcosh l1 where l1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
YPKCu2P
ð1þaþab PbÞ
q
Eq. (30) Fig. 6
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In this appendix, we derive the solution of non-linear equa-
tions (Eqs. (5), (10), (11), (21) and (22) using new approach
to Homotopy perturbation method [30].
A.1. Substrate inhibition model
The Homotopy for the nonlinear Eq. (5) can be constructed as
follows:
ð1 pÞ d
2S
dx
2 
/2s S

1þ aþ ab
 
þ p d
2S
dx
2 þ aS
d2S
dx
2 þ ab S2
d2S
dx
2  /2s S
 
¼ 0: ðA:1Þ
Supposing the approximate solutions of Eq. (A.1) have the
form
S ¼ S0 þ pS1 þ p2S2 þ . . . . . . . . . ðA:2Þ
Substituting Eq. (A.2) into Eq. (A.1) and equate the terms
with the identical powers of p, we obtain
p0 :
d2S0
dx
2 
/2s S

0
1þ aþ ab ¼ 0; ðA:3Þ
p1 :
d2S1
dx
2 
/2s S

1
1þ aþ abþ aS

0
d2S0
dx
2
þ abS20
d2S0
dx
2  /2s S0 ¼ 0: ðA:4Þ
The initial conditions are as follows:
S0ðx ¼ 0Þ ¼ 1;
dS0
dx
ðx ¼ 1Þ ¼ 0; ðA:5Þ
Si ðx ¼ 0Þ ¼ 0;
dSi
dx
ðx ¼ 1Þ ¼ 0 for all i ¼ 1; 2; 3; . . . ðA:6Þ
Solving Eq. (A.3) using the boundary conditions Eqs. (A.5)
and (A.6), we getS0ðxÞ ¼
coshmð1 xÞ
coshm
; ðA:7Þ
m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2S=1þ aþ ab
p
. Similarly we can get the value of S1ðxÞ
by solving Eq. (A.4).
A.2. Secondary substrate inhibition model
ð1pÞ d
2S
dx
2 
/2s S

1þaþab
 
þp d
2S
dx
2 þaS
d2S
dx
2 þab SI
d2S
dx
2 /2s S
 
¼ 0; ðA:8Þ
ð1pÞ d
2I
dx
2 
/2I I

1þ c
 
þp d
2I
dx
2 þ c I
d2I
dx
2 /2I I
 
¼ 0: ðA:9Þ
Supposing the approximate solutions of Eqs. (A.8) and
(A.9) have the form
S ¼ S0 þ pS1 þ p2S2 þ . . . ; ðA:10Þ
I ¼ I0 þ pI1 þ p2I2 þ . . . ðA:11Þ
Substituting Eq. (A.10) into Eqs. (A.8) and (A.11) into Eq.
(A.9), and equate the terms with the identical powers of p, we
obtain
p0 :
d2S0
dx
2 
/2s S

0
1þ aþ ab ¼ 0; ðA:12Þ
p1 :
d2S1
dx
2 
/2s S

1
1þ aþ abþ aS

0
d2S0
dx
2
þ a b S0 I0
d2S0
dx
2  /2s S0 ¼ 0; ðA:13Þ
p0 :
d2I0
dx
2 
/2I I

0
1þ c ¼ 0; ðA:14Þ
p1 :
d2I1
dx
2 
/2I I

1
1þ c cI

0
d2I0
dx
2  /2I I0 ¼ 0: ðA:15Þ
The initial conditions are as follows:
S0ðx ¼ 0Þ ¼ 1;
dS0
dx
ðx ¼ 1Þ ¼ 0; ðA:16Þ
Si ðx ¼ 0Þ¼ 0;
dSi
dx
ðx ¼ 1Þ¼ 0 for all i¼ 1;2;3; . . . ; ðA:17Þ
I0ðx ¼ 0Þ ¼ 1;
dI0
dx
ðx ¼ 1Þ ¼ 0; ðA:18Þ
Ii ðx ¼ 0Þ ¼ 0;
dIi
dx
ðx ¼ 1Þ ¼ 0 for all i ¼ 1; 2; 3; . . .
ðA:19Þ
A new mathematical model for effectiveness factors in bioﬁlm 927Solving Eqs. (A.12) and (A.14), using the boundary condi-
tions (Eqs. (A.16) and (A.18)), we get
S0ðxÞ ¼
coshm ð1 xÞ
coshm
; ðA:20Þ
I0ðxÞ ¼
cosh nð1 xÞ
cosh n
; ðA:21Þ
where n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2I=1þ c
p
. Similarly we can get the value of
S1ðxÞ; I1ðxÞ by solving Eqs. (A.13) and (A.15).
A.3. Product inhibition model
ð1 pÞ d
2S
dx
2 
/2s S

1þ aþ ab
 
þ p d
2S
dx
2 þ aS
d2S
dx
2 þ abP
d2S
dx
2  /2s S
 
¼ 0; ðA:22Þ
ð1 pÞ d
2P
dx
2 
YPKC/
2
PP

1þ aþ abPb
 
þ p d
2P
dx
2 þ aS
d2P
dx
2 þ abP
d2P
dx
2  /2PP
 
¼ 0: ðA:23Þ
Supposing the approximate solutions of Eqs. (A.22) and
(A.23) have the form
S ¼ S0 þ pS1 þ p2S2 þ . . . ; ðA:24Þ
P ¼ P0 þ pP1 þ p2P2 þ . . . ðA:25Þ
Substituting Eq. (A.24) into Eqs. (A.22) and (A.25) into
Eq. (A.23), and equate the terms with the identical powers of
p, we obtain
p0 :
d2S0
dx
2 
/2s S

0
1þ aþ ab ¼ 0; ðA:26Þ
p1 :
d2S1
dx
2 
/2s S

1
1þ aþ abþ aS

0
d2S0
dx
2 þ abP0
d2S0
dx
2
 /2s S0 ¼ 0; ðA:27Þ
p0 :
d2P0
dx
2 
YPKC/
2
PP

0
1þ aþ abPb ¼ 0; ðA:28Þ
p1 :
d2P1
dx
2 
YPKC/
2
PP

1
1þ aþ abPb þ aS

0
d2P0
dx
2 þ abP0
d2P0
dx
2
 /2PP0 ¼ 0: ðA:29Þ
The initial conditions are as follows:
S0ðx ¼ 0Þ ¼ 1;
dS0
dx
ðx ¼ 1Þ ¼ 0; ðA:30Þ
Si ðx ¼ 0Þ ¼ 0;
dSi
dx
ðx ¼ 1Þ ¼ 0 for all i¼ 1;2;3; . . . ; ðA:31Þ
dP0
dx
ðx ¼ 0Þ ¼ 0; P0ðx ¼ 1Þ ¼Pb; ðA:32Þ
dPi
dx
ðx ¼ 0Þ ¼ 0; Pi ðx ¼ 1Þ ¼ 0 for all i¼ 1;2;3; . . . ; ðA:33Þ
Solving Eqs. (A.26) and (A.28) using the boundary condi-
tions Eqs. (A.30) and (A.32), we get
S0ðxÞ ¼
cosh lð1 xÞ
cosh l
; ðA:34Þ
P0ðxÞ ¼
Pb cosh l1x

cosh l1
; ðA:35Þwhere l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2S=1þ aþ abPb
p
; l1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
YPKCu2P=1þ aþ ab Pb
p
.
Similarly we can get the value of S1ðxÞ; P1ðxÞ by solving
Eqs. (A.27) and (A.29).
Appendix B
Scilab/Matlab program for the numerical solution of nonlinear
differential Eq. (5).
function main
m= 0;
x = linspace(0,1);
t = linspace(0,100);
sol = pdepe(m,@pdex4pde,@pdex4ic,@pdex4bc,x,t);
u1 = sol(:,:,1);
ﬁgure
plot(x,u1(end,:))
title(‘Solution at t= 2’)
xlabel(‘Distance x’)
ylabel(‘u1(x,2)’)
function [c,f,s] = pdex4pde(x,t,u,DuDx)
k= 2;
alpha = 0.1;
beta = 0.1;
c = 1;
f = 1.* DuDx;
F1 = k*u(1)/(1+alpha*u(1)+alpha*beta*u(1)^2);
s = F1;
function u0 = pdex4ic(x)
u0 = 0;
function [pl,ql,pr,qr] = pdex4bc(xl,ul,xr,ur,t)
pl = ul(1)-1;
ql = 0;
pr = 0;
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